ABSTRACT This paper studies a new approach for synthesizing an observer to estimate both unmeasurable states and faults of the T-S fuzzy system with uncertainties, simultaneously, where the bounded constraints of the uncertainties are unnecessary. Both continuous and discrete time systems are taken into account. To deal with the uncertainties and faults, first, the uncertain T-S fuzzy system is transformed into the unknown-input one; then, it is reconstructed by adding one more state equation to the system. An observer is synthesized to eliminate completely the effects of the uncertainties and estimate the unknown states and faults, simultaneously. The fuzzy Lyapunov function is employed to relax the observer design conditions. On the basis of the Lyapunov theory and the linear matrix inequality technique, the conditions for observer design are derived in the main theorems. Finally, an illustrative example is introduced for both continuous and discrete time systems to prove the effectiveness of the proposed method.
I. INTRODUCTION
Nowadays, it is seen that the Takagi-Sugeno (T-S) fuzzy system [1] increasingly play an essential role in representing the original nonlinear system. By applying the sector nonlinearity and linearization methods [2] , [3] , the nonlinear system is transformed into the T-S fuzzy system which consists of a set of IF-THEN fuzzy rules and linear subsystems. In past decades, there are numerous studies concentrating on stability analysis [4] , [6] , stabilization [7] - [10] , and observer synthesis [11] - [14] of the T-S fuzzy system. Moreover, a wide range of the physical systems, in practical, is affected by the uncertainties which may come from the modeling or parameter errors. Owing to the influences of the uncertainties, controller and observer synthesis for uncertain T-S fuzzy system become much more difficult. In order to cope with this problem, there exist many studies [15] - [21] published in recent years. For instance, in [15] , an approach for designing an observer-based controller was considered for an uncertain T-S fuzzy system with delay times where both slow and fast time-varying delays were investigated. Furthermore, an observer-based controller was synthesized for the uncertain T-S fuzzy system [18] in which the conditions for controller design were solved in a single stage instead of two stages in the previous papers. Additionally, a method based on the unknown input method was studied to cope with the impacts of the uncertainties for the T-S fuzzy system [20] and polynomial T-S fuzzy system in [21] . It should be noted that the effects of the uncertainties in these two papers were eliminated completely even the upper bounds of the uncertainties were not known.
Moreover, the failures of the actuators and sensors are fatal problems for feedback control systems in reality. These faults will significantly degrade the performance of the system or even cause severe damages to the systems and humans. Therefore, the fault diagnosis becomes a pressing issue, which has received a great deal of attention from researchers. There were a lot of studies investigated the fault diagnosis of the system in past few years. Among of them, the methods for fault detection were studied in many works such as in [22] - [27] . In [23] , a method for detecting the faults of the T-S fuzzy system with the unmeasurable premise variables was introduced where the switching fault detection based on the lower and upper membership function can obtain the better results. Additionally, a fault detection filter was proposed for a discrete time T-S fuzzy model [27] in which the fault detection performance was improved much better by using the past output measurement.
Apart from fault detection, the fault estimation is also taken into account as an important part of the fault diagnosis.
In the past few years, there are a large number of papers concerning the fault estimation for the linear system [28] and the T-S fuzzy system [29] - [38] . A method based on the descriptor technique for observer design was proposed in [28] to estimate both the unknown states and actuator faults of the linear system. In [29] , an approach based on the augmented descriptor technique was proposed to design an observer to estimate both unknown states and faults. However, this paper only concerned the problem of the sensor faults. A robust fault estimation based on the H ∞ technique was investigated for the discrete time fuzzy model with the existence of the disturbance where both full and reduced fault estimation observer were synthesized in [31] . It is noted that this paper only deal with the system with actuator faults without concerning the sensor faults.
Besides, it is well known that the fault estimation for T-S fuzzy system with uncertainties has been received an increasing interest from researchers in recent years. The impacts of uncertainties make the fault estimation be more challenging. To deal with this difficulty, several methodologies have been developed in [39] - [44] . An observer to estimate the unmeasurable states and disturbance/faults was studied for the uncertain T-S fuzzy system in [40] . However, this paper only studied the sensor faults; in addition, the uncertainties must satisfy a bounded constraint. The observer for estimating the faults and unknown states were designed for the uncertain T-S fuzzy system in [43] and [44] . But in [43] , the uncertainties only affected the system matrices and the method in [44] was merely dealt with the sensor faults. Moreover, the uncertainties in these two papers ( [43] and [44] ) had to be bounded. With aforementioned discussions, there exist the limitations in the previous studies [39] - [44] as follows. i) The proposed method to estimate the faults of the uncertain T-S fuzzy system were only successful when the upper bounds of the uncertainties are known in advance. However, in practice, sometimes, it is hard to determine the upper bounds of the uncertainties that lead to these approaches in [39] - [44] are inapplicable to design observer for estimating both faults and unmeasurable states. ii) The previous papers only considered the uncertain system with sensor faults or merely taken into account the case of the existence of faults without effects of uncertainties. To the best of our knowledge, there is not any previous papers studying observer design for the uncertain T-S fuzzy system with the existence of both actuator and sensor faults when the upper bounds of the uncertainties are unknown. Due to these reasons, it motivates us to have a further study about the observer synthesis to estimate both unmeasurable states and faults simultaneously for the uncertain T-S fuzzy system. The main contributions of this study are emphasized in the following aspects:
1) The uncertain T-S fuzzy model is transformed into the system with unknown input, then it is reconstructed by adding one more state equation. 2) An observer is synthesized for both continuous and discrete time uncertain T-S fuzzy system to estimate both unmeasurable states and faults simultaneously in which the faults affected to both actuator and sensors.
3) The effects of the uncertainties are completely removed even though the upper bounds of the uncertainties in this study are not known. 4) The fuzzy Lyapunov function [45] - [47] are employed to make the observer design conditions be more relaxed. The rest of paper is organized as follows. In Section II, the considered system model is presented, the concerned issues are pointed out, and several useful lemmas are showed as well. The procedure for reconstructing the system is founded in Section III. The main theorems to synthesize the observer for a continuous and discrete time uncertain T-S fuzzy system are shown in Section IV and V, respectively. An illustrative example to prove the effectiveness of the proposed method is presented in Section V. Finally, some conclusions are mentioned in Section VI.
Notations: In this paper, W > 0 (W < 0) denote the positive (negative) define a matrix W . 
II. SYSTEM MODELS AND PROBLEM DESCRIPTION A. SYSTEM MODEL AND PROBLEM DESCRIPTION
Consider the uncertain T-S fuzzy system as follows
where δx(τ ) denotesẋ(τ ) and x(τ + 1) in continuous and discrete time case, respectively. τ will be replaced by t when the system is continuous and k the system is discrete time system. x(τ ) ∈ n , u(τ ) ∈ m , y(τ ) ∈ p are the vector of states, inputs, and output, respectively. f (τ ) ∈ k is the faults affected to both actuator and sensor. A i ∈ n×n is the system matrix; B i ∈ n×m is the input matrix; C ∈ p×n is the output matrix; E i ∈ n×k and T p×k are the matrices of the faults. A i (τ ) ∈ n×n and B i (τ ) ∈ n×m are the uncertainties of the matrices A i and B i respectively. The weighted nor-
) is the grade of the membership func-
Suppose that the system (1) is affected by the uncertainties, some states are unmeasurable and the upper bounds of the uncertainties are not available. It should be noted that because in the system (1), faults are affected to both actuator and sensor, thus, it is unable to employ the methods in [29] and [31] to VOLUME 7, 2019 design the observer for this system. Furthermore, it is due to a fact that the upper bounds of the uncertainties are unknown, the previous methods in [39] - [44] are failed to synthesize the observer for estimating the unmeasurable states and faults. Therefore, the objective of this work is to propose a new approach to design observer for eliminating completely the effects of the uncertainties and estimating asymptotically unknown states x(τ ) and faults f (τ ) simultaneously when the upper bounds of the uncertainties are unavailable. The following assumption are required for designing the proposed observer.
Assumption 1: Suppose that the uncertainties can decompose as
, where D is a full column rank matrix.
B. USEFUL LEMMAS
The following Lemmas are necessary for the proof of the theorems in the consequent sections.
Lemma 1 [48] : For any real matrices X and Y with appropriate dimensions, the following property holds for any positive scalar ε:
Lemma 2 [21] : Let A, S, P, and R be matrices with proper sizes. The following two inequalities are equivalent:
Lemma 3 [49] : Consider the matrices S ∈ n , ∈ n ; and with compatible dimensions, the following two statements are equivalent:
i) There exists a positive symmetric matrix P such that
ii) There exist positive symmetric matrices P and such that
Lemma 4 [50] : Consider the matrix U ∈ m×n , with m ≥ n, and matrix V ∈ k×n , the matrix X with the form X = VU + + Y (I − UU + ) is a solution of XU = V when the condition VU + U = V holds. Y ∈ k×m is an arbitrary matrix and U + is the Moore-Penrose pseudo-inverse of U which is denoted
III. RECONSTRUCTION SYSTEM MODEL
In this section, the system (1) is modified under the framework of the unknown-input T-S fuzzy system, then it is reconstructed by adding one more extra state variable.
On the basis of Assumption 1, the system (1) becomes
Let us define
then (2) is transformed into the unknown input system as follows
By adding one more state equation with state variable f (τ ), the system (3) can be rewritten as follows
Let us denote
Then we obtain
From now on, the observer will be designed for the system (4) to estimate unmeasurable states and faults instead of the system (1).
Assumption 2:
The matrices C and D are full row and column rank, respectively. The Rank(C D) is equal to Rank(D).
Remark 1: This assumption is needed to ensure the existence of a general solution of the matrix equation that will be found in the next section.
selected.
IV. FAULT/STATE ESTIMATION OBSERVER SYNTHESIS FOR CONTINUOUS-TIME UNCERTAIN T-S FUZZY SYSTEM
In this section, the observer will be designed for the continuous-time uncertain T-S fuzzy system, therefore, τ will be replaced by t. The following assumption is necessary for the proof of the Theorems in this section. Assumption 3 [46] , [47] :
Consider the unknown input observer for the system (4) as follows
wherex(t) is the estimation of x(t), and z(t) ∈ n is the state of the observer.
and F ∈ n×p are the observer gains which are determined later. The estimation of states and faults of the system (1) is computed asx
Theorem 1: On the basis of Assumption 1-3, for a given positive scalar α k , the states and faults of the system (4) are estimated asymptotically with the observer (5) if there exist the matrices H i , L i , G i , F, S and positive symmetric matrix P j such that the following conditions are fulfilled, i, j = 1, 2, . . . , r:
Proof: Let us define the estimation error as follows
where S = I + FC.
From (11), we havė
Substituting (4a) and (5a) into (12) yieldṡ
If the conditions (6)- (9) of Theorem 1 hold, (13) is rewritten as followsė
Choose a fuzzy Lyapunov function as
The time derivative of V (t) along with the function trajectories of estimation error (14) is as followṡ
t)P j H i e(t)}
Based on Assumption 3, it can found thaṫ
. (15) From (15), it is seen that if the condition (10) of Theorem 1 holds, thenV (t) < 0. It means that estimation error e(t) approaches zero asymptotically. The proof is completed successfully. Remark 2: It should be noted that, the condition (10) contains the matrix variables H i , P j and a given α k which is selected in advance. However, because two matrix variables are multiplied together that leads the condition (10) to be a Bilinear Matrix Inequality form. With this form, it is hard to find matrices H i and P j with the given α k to satisfy the condition (10) . In order to overcome this challenging, the conditions (6), (8) , and (9) are employed to transform (10) into the Linear Matrix Inequality framework which will be solved easily by LMI tools in Matlab. The procedure to transform the BMI (10) into LMIs is presented in the following Theorem 2 as follows.
Theorem 2: Under Assumptions 1-3 and for a given positive constant α k , the states and faults of the system (4) are estimated asymptotically with the observer (5) If there exist the matrices H i , L i , G i , F, X , Y , R i and positive symmetric matrix P j such that the following conditions hold, i, j = 1, 2, . . . , r:
(21) ij
The observer gains
Proof: From (8) and (9), we have
If the matrices C and D satisfy Assumption 2 and on the basis of Lemma 4, the general solution of (27) is
where Y is arbitrary matrix with compatible dimension,
Substituting (29) into (6) yields
From (29) and (30), one obtains
Combining (23), (28) , and (30), it can be found that
Applying the Lemma 2 for (10), it yields   
Then (33) is rewritten as follows
Substituting (32) into (36) obtains
From (32) and (35) , the obtained result is
Let us define Y = XY and R i = XR i , then the equation (36) can be rewritten as
where
It is seen that (39) and (16) are the same. It means that the BMI (10) has been successfully transformed into LMIs (16) . Hence, the proof is completed.
Remark 3:
The given α k in Theorem 1 and 2 is determined based on the Assumption 3. This Assumption is used in many published papers such as [46] and [47] which employed the fuzzy Lyapunov function. However, in this study, the bound of the uncertainties is unknown that leads to the bound range of the state variables are not known as well. Therefore, it is very difficult to compute the upper bound of β k (θ ) ≤ α k . In this study, the value of α k is chosen by trial and error. The α k will be selected arbitrarily, if the conditions of Theorem 2 are feasible and simulation result is successful then these α k are suitable. Otherwise, we will choose another α k and solve the conditions of Theorem 2 again. This is a limitation of our study that should be considered in future work.
V. FAULT/STATE ESTIMATION OBSERVER SYNTHESIS FOR DISCRETE-TIME UNCERTAIN T-S FUZZY SYSTEM
In this section, an observer is synthesized for the discrete time uncertain T-S fuzzy system to estimate both un-measurable states and faults. It is noted that τ will be replaced by k in this section.
Taken into account the framework of the observer for a discrete-time uncertain T-S fuzzy system with the existence of faults (4) as follows
wherex(k) is the estimate of x(k), and z(k) ∈ n is the state of the observer. H i ∈ n×n , G i ∈ n×m , L i ∈ n×p , and F ∈ n×p are the observer gains which will be founded later.
The estimation of states and faults are determined as follows.
Theorem 3:
On the basis of Assumptions 1-2, the estimation states and faults of the system (4) with the observer (42) are estimated asymptotically If there exist the matrices H i , L i , G i , F, S and a positive symmetric matrix P l such that the following conditions satisfy, i, l = 1, 2, . . . , r
Proof: The estimation error is defined as
From (48), it infers that
Combining (4a), (42a), and (49), the obtained result is
If the conditions (43)-(46) of Theorem 3 hold, (50) becomes
It should be noted that
β i (θ (k + 1)) = 1 and β i (θ (k + 1)) ≥ 0. It means that β i (θ (k)) and β i (θ (k + 1)) have the same characteristics.
From (51) and (52), it can be found that
Then (53) becomes
From (54), one obtains
Applying the Lemma 1 for (56) infers
It is obvious that
Therefore, one results in
From (57), it is seen that if the condition (47) of Theorem 3 holds, then V (e(k)) < 0. Thus, the proof is completed. However, similarity in Section IV, the condition (47) is a BMI that needs to be transformed into LMIs in the following theorem.
Theorem 4: Under Assumptions 1-2, the states and the faults of the system (4) with the observer (41) are estimated asymptotically If there exist the matrices H i , L i , G i , F, Y , R i , K and a positive symmetric matrix P l such that the following conditions hold, i, l = 1, 2, . . . , n:
Proof: Similar to steps (27)- (32) of Section IV, one obtains
where F, W , Y , and Z are defined in (28); R i is indicated in (29) of Section IV. Applying Lemma 3 for (47), with adding a slack variable K , it yields
Substituting (67) into (68), the result is
Define Y = KY and R i = KR i , then (69) is equivalent to
From (70), it is obvious that (70) is the same as (58) of Theorem 4. It means that the BMI (47) has been successfully transformed into LMIs (58). The proof is completed. Remark 4: It is worth noting that the proposed method in this paper is based on the LMIs technique [55] and Lyapunov methodology in which the observer synthesis conditions (16) and (58) in Theorem 2 and 4 are expressed in term of LMIs. The LMIs are considered as convex optimization problem and can be solved by interior-point algorithms to obtain solutions easily. With the support of the LMI tool of Matlab, it is easy to obtain the Lyapunov matrices P l and observer gains to guarantee the estimation errors approach zero asymptotically. The LMI-based method is considered as the most popular method for stability analysis, observer synthesis, and controller design which can be found in almost studies related to T-S fuzzy systems. 
VI. ILLUSTRATIVE EXAMPLES
In this section, the proposed method is applied for a DC controlling an inverted pendulum via a gear trains system [51] , [52] as in Figs. 1-2 with both continuous and discrete time cases.
The continuous time nonlinear model for the above system is described as follows.
where 
A. CONTINUOUS-TIME UNCERTAIN T-S FUZZY SYSTEM
Suppose the system (71) affected by the uncertainties, which is caused by the parameter error or modeling error, and the fault. Hence the system (71) is modeled as follows 
ξ 1 and ξ 2 are random noises obtained from a normal distribution; and the fault f (t) has the following form
Convert the system (72) into the system (2) Simulating the system in Simulink of Matlab results in
B. DISCRETE-TIME UNCERTAIN T-S FUZZY SYSTEM
The continuous time system (71) is transformed into the discrete time system with the sample time T s = 0.1, one obtains
Suppose that there exist the uncertainties and faults which influence to the system (73). Employing the nonlinear-sector method to transform discrete-time nonlinear (73) into discrete time uncertain T-S fuzzy system, it yields
ξ 1 (k) and ξ 2 (k) are random noises obtained from a normal distribution. f (k) is a random signal from a normal distribution. The premise variables are expressed as follows
Transforming the system (74) into the unknown input system (2) with D = 1.1 −1.4 1.2 T . Solving LMIs of the VOLUME 7, 2019 FIGURE 3. Real state x 1 (t ), estimated statex 1 (t ), and estimation error e 1 (t ).
FIGURE 4.
Real state x 2 (t ), estimated statex 2 (t ), and estimation error e 2 (t ).
Theorem 4, we obtain the observer gains 
Real state x 3 (t ), estimated statex 3 (t ), and estimation error e 3 (t ).
FIGURE 6.
Real fault f (t ), estimated faultf (t ), and estimation error e f (t ).
FIGURE 7.
Real state x 1 (k), estimated statex 1 (k), and estimation error e 1 (k).
With above observer gains, carrying out simulation in Matlab yields in Figs. 7-10 .
From the simulation results, the real states x 1 , x 2 , x 3 and estimated statesx 1 that the proposed method in this paper is successful to design an observer for the systems (71) and (73).
Remark 5: Because the upper bounds of the uncertainties are not known, therefore the methods in [38] - [43] is unable to employed to design the observer for the system (71) and (73). Due to a fact that the fault is affected to both actuator and sensor, therefore, the methods in [39] , [40] , and [43] cannot apply to synthesize the observer for the system (71) and (73).
VII. CONCLUSION
In this paper, a new method for synthesizing observer has been investigated for uncertain T-S fuzzy systems with the existence of faults. By reconstructing the system, the uncertainties and faults are transformed to the unknown inputs, then the unknown input method is applied to estimate simultaneously the unknown states and faults, and eliminate completely the effects of uncertainties and faults. Both continuous and discrete time systems are considered. It should be noted that the uncertainties in this work are unnecessary to satisfy the bounded constraints which are mandatory in the previous studies. Moreover, in this work, the faults exist in both sensors and actuator of the system. To make the observer design conditions be more relaxed, the fuzzy Lyapunov function is employed for synthesizing the observer instead of a common Lyapunov function. The observer gains are obtained by solving the LMI conditions in four theorems. The illustrative example DC controlling an inverted pendulum via a gear trains system has been showed to prove that the proposed method in this work is successful even though the upper bounds of the uncertainties of the system are unavailable. However, the method for determining the α k of Assumption 1 may be a limitation of this work that remains an open-issue for the further study in the future. In addition, inspired from [53] and [54] which studied about type 2 fuzzy systems, the proposed method in this paper can be extended for the case of interval type 2 T-S fuzzy system in our future work. VAN 
